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Theorem 1. If d divides a and d divides b, then d divides any linear combi-
nation of a and b.

Proof. Given that d|a and d

b, then for some integers = and y:

a=uxd
b=yd M
A linear combination of a and b can be written, with u and v being integers:
ua~+vb =uzrd+vyd 2)
= (uz+vy)d 3)
Since d| (ux + vy) d, d| (ua + vb), so any divisor of two integers also divides
any linear combination of them. U

Example 1. Consider a =9, b = 27. Common divisors of a and b are 1, 3
and 9. A linear combination of ¢ and b is 9u + 27v, which is also divisible
by 1, 3 and 9. Note that this is a different question from asking if we can
write a common divisor as a linear combination of a and b. Bézout’s lemma
provides the method by which this can be calculated, and a corollary also
guarantees that the greatest common divisor is the only divisor that can be
written as a linear combination of @ and b. In this case, ged (9,27) =9 and
9=1x940x27. If we try to express the common divisor 3 as a linear
combination of 9 and 27, we see from the theorem about linear Diophantine
equations that this is not possible. We would be trying to solve the equation

9x+27y=3 4)

If a solution existed, the condition gcd (9,27)|3 would have to be satisfied,
and since 9 } 3, no solution exists.

Example 2. Show that gcd (a,a+ 1) = 1. From the corollary of Bézout’s

lemma, the gcd is the only divisor that can be written as a linear combination
1


https://physicspages.com
https://physicspagescomments.wordpress.com
https://physicspages.com/pdf/Group%20theory/B�zout%27s%20lemma%20for%20the%20greatest%20common%20divisor.pdf
https://physicspages.com/pdf/Group%20theory/Euclidean%20algorithm%20for%20greatest%20common%20divisor.pdf
https://physicspages.com/pdf/Group%20theory/Linear%20Diophantine%20equations.pdf
https://physicspages.com/pdf/Group%20theory/Linear%20Diophantine%20equations.pdf

COMMON DIVISORS OF LINEAR COMBINATION OF INTEGERS 2

of a and a+ 1. Since 1 is a divisor of any pair of integers, and we can write
—a+(a+1)=1 ®)
then ged (a,a+1) = 1.



